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Stress Intensity Factors for Elliptical Arc Through Cracks In
Mechanical Joints by Virtual Crack Closure Technique

Sung PH Heo*, Won Ho Yang, Cheol Kim
School of Mechanical Engineering, Sungkyunkwan University, Suwon, Kyunggi-do 440-746, Korea

The reliable stress intensity factor analysis is required for fracture mechanics design or safety

evaluation of mechanical joints at which cracks often initiate and grow. It has been reported that

cracks in mechanical joints usually nucleate as corner cracks at the faying surface of joints and

grow as elliptical arc through cracks. In this paper, three dimensional finite element analyses are

performed for elliptical arc through cracks in mechanical joints. Thereafter stress intensity

factors along elliptical crack front including two surface points are determined by the virtual

crack closure technique. Virtual crack closure technique is a method to calculate stress intensity

factor using the finite element analysis and can be applied to non-orthogonal mesh. As a result,

the effects of clearance on the stress intensity factor are investigated and crack shape are then

predicted.
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1. Introduction

Mechanical joints like bolted or riveted joints

are widely used to join the constituent parts of a

structure. Cracks often initiate and grow at joint

because of stress concentration and contact. So
that stress intensity factor analysis of an arbitrary

crack in joint is required for fracture mechanics

design or safety evaluation.

Fracture mechanics analyses on cracks in

mechanical joints have been performed mainly for

two dimensional cracks. Cartwright and Parker
(1982) analyzed the stress intensity factors for

symmetric cracks with assuming contact pressure

in mechanical joints to be uniform or cosine
distribution. Narayana et al. (1994) investigated

the effects of interference and clearance on stress
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intensity factors, and Ju (1997) analyzed mixed­

mode stress intensity factors for both horizontal

and inclined cracks in mechanical joints.

Fawaz (1998, 1999) has reported from

fracto graphic observations on fatigued joints that

cracks in mechanical joints usually nucleate from

corner cracks at the faying surface of joints and

grow to be elliptical arc through cracks as shown

in Fig. 1. Stress intensity factors for elliptical
corner cracks in joints as an initial model of crack

growth have been analyzed by some researchers

(Shivakumar and Newman Jr. , 1991; Lin and

Smith, 1999), but those of elliptical arc through

cracks have rarely been dealt with. Fawaz (1998,

1999) analyzed stress intensity factors for

elliptical arc through crack using the virtual crack

closure technique not considering the contact area

in joints and analyzing mode I stress intensity

factor of symmetric cracks only. In mechanical

joints, there is usually a clearance between the

fastener hole and the bolt or rivet. The effects of

clearance on cracks in mechanical joints may not

be evaluated by Fawaz's model excluding contact

condition. Consequently the stress intensity factor

should be estimated for a single elliptical arc



Stress Intensity Factors for Elliptical Arc Through Cracks in Mechanical Joints by ... 183

--------===~~~_t- X

a...
Qack Growth Direction

Qaclc Nucleation Site
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same amount W, to close the crack from a +LJ to

a.

K=f[;E for plane stress (3)

K=JCE/(l-ll) for plane strain (4)

(2)

( I)

The energy release rate is related to stress in­

tensity factor as Eq. (3) for plane stress and as
Eq. (4) for plane strain respectively.

Figure 3 shows a typical finite element mesh at

crack surface for a three-dimensional crack. The

strain energy release rate G, in the i-th element

along crack front is calculated from the virtual

work to close the crack surface area, LJ X uu,

where v is the crack surface displacement and c;
is the stress field ahead of the crack tip. Then

energy release rate C can be calculated by
dividing the work W, by the virtual crack

increment LJ,

Fig. 1 Crack growth profile in mechanical joints
(Fawaz, 1999)

through crack of more practical crack model with

contact area.

Virtual crack closure technique is a method to

calculate stress intensity factor using nodal forces

on and ahead of the crack tip and nodal dis­

placements behind it from results of finite element
analysis. Also it is possible to apply the virtual

crack closure technique in case that orthogonal

mesh cannot be modeled such as elliptical arc

through cracks.

In this paper, three-dimensional finite element
analyses are performed for elliptical arc through

cracks in mechanical joints with including contact

area in the joints. And mixed-mode stress inten­
sity factors are determined by applying the virtual

crack closure technique. As a result we applied

the virtual crack closure technique to semi­

elliptical and elliptical arc through cracks, and

analyzed mode I, mode II and mode III stress
intensity factors along the elliptical crack front

including two surface points. The effects of the

amount of clearance on stress intensity factors are

also investigated and crack shape is then
predicted. Finally an elliptical arc through crack

model is compared with a two-dimensional crack

one.

2. Virtual Crack Closure Technique
I l s I0 1 !oJGi=-2". v(r, S)6y (LJ - r , si drds

£.JWr 81-1 0
(5)

The virtual crack closure technique is used to

determine energy release rate from work needed

to close virtual crack. As shown in Fig. 2, for in

finitesimal LJ, the work for extening the crack

from a (real crack) to a + LJ (virtual crack) is the

On the calculation of energy release rate by Eq.
(5) from finite element method, nodal forces and

displacements are used respectively for stress and
displacement fields by using shape functions of

the element. For a model consisting of 20-node
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Fig. 3 Typical finite element mesh at the crack sur­
face for three dimensional crack
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Fig. 4 Node identification in 20-node isoparametric
elements for virtual crack closure technique

Fig. 5 Configuration of an elliptical arc through
crack in a mechanical joint

and collapsed singular elements are used for

modeling the crack as in most methods. In the

virtual crack closure technique, however, it is

possible to construct a finite element mesh using

normal elements near crack tip. Another

advantage of the technique, as will be discussed
later, is that orthogonal mesh does not have to be

used near crack tip.

isopararnetric elements as in Fig. 4, the energy

release rate can be expressed as (Shivakumar et

al., 1988)

IS.
Gi=--~Fj(Vj-vJ)

2L1Wi 1=1

= 2.dWi CH(VI- Vl' ) +Fl(vz-V2')

+F{(Va-Vy) +Fl(v4-V4') +FJ(vs-vs')] (6)

where FJ is nodal forces on the i-th element and

u,and vI are the relative nodal displacements to
the crack tip. Subscripts indicate node numbers

shown in Fig. 4.

Equation (6) can also be applied to mode II or

mode III for nodal forces and displacements
causing mode II or mode III deformation.

There are several methods to calculate stress

intensity factor using finite element analyses such

as COD (crack opening displacement) method,

nodal force method, extrapolation method, etc.

3. Finite Element Analysis

3.1 Analysis model

A plate has an elliptical arc through crack in
mechanical joints and is subjected to remote uni­

form tension. Figure 5 shows the geometry and

coordinate system where Cl and cz represent the
crack length at the two surfaces, and crack depth

is a. The material used in this analysis is

aluminium with Young's modulus, E=68.95 GPa

and Poisson's ratio, 1I=O.25. Besides, behavior of

the aluminium is assumed to be linearly elastic.

3.2 Orthogonal and non-orthogonal mesh

A three-dimensional crack such as surface or

corner cracks is commonly modeled as elliptical

shape. The COD method is widely used to calcu­

late stress intensity factor for an elliptical crack

by using the nodal displacements of crack surface.

However, the COD method can be applied for
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G1 I n, = 2L1b

n 1
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1
+2FYn,(VdZ-VdZ.)] (7)

1
GI In,= 7L1b [( Fyn,(Vd,-Vd3') +Fyp,(vez-Ve,.)}

- n,

+ii Fyn, (Vdz- Vdz') +Fyn, (Vd.- VM)}] (8)

Fig. 7 Elements and nodes of three dimensional
through crack (Raju et al., 1996)

where b«, and b-, are equivalent widths as

Fig. 8 Semi-elliptical surface crack in a finite-width
plate

3.3 Stress intensity factors for elliptical
crack

The three dimensional virtual crack closure

technique is commonly used to calculate the en­

ergy release rate for each element along the crack

front like Eq. (6). This corresponds to the avera­

ge stress intensity factor of the element or the

stress intensity factor at the mid-side node.

Raju et al. (I996) presented the energy release

rate equation for corner nodes of a three­

dimensional through crack. The energy release

rates at the end node, ns. and the internal node, n3
in Fig. 7 are given as

Fig. 6 Orthogonality for elliptical crack mesh

orthogonal mesh where mesh lines across

elliptical crack front are normal to the crack front

as shown in Fig. 6. Orthogonal mesh can be made

for general quarter-elliptical or semi-elliptical

crack, but part-elliptical shape such as a present

elliptical arc through crack cannot have the per­

fect orthogonality near one end of part-ellipse. It

can thus be stated that the stress intensity factors

along the crack front of elliptical arc through

crack cannot be calculated accurately from the

COD method. It has been verified that the virtual

crack closure technique can be applied to non­

orthogonal mesh (Fawaz, 1998; 1999), and mode

II and mode III stress intensity factors for three­

dimensional crack as well as mode I can be

obtained by decomposing the nodal force and

nodal displacement. In this study, therefore, the

mixed-mode stress intensity factors for elliptical

arc through cracks in mechanical joints were

analyzed by the virtual crack closure technique

using the nodal forces and nodal displacements

obtained from finite element analysis including

contact area.
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Fig. 9 Stress intensity factors for elements and cor­
ner nodes of semi-elliptical surface crack in a
finite-width plate
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Fig. 11 Stress intensity factors for semi-elliptical
surface crack in a finite-width plate using
orthogonal and non-orthogonal mesh

(b) Non-orthogonal mesh

Finite element mesh for semi-elliptical sur­
face crack in a finite-width plate

through crack like Eqs. (7), (8) was applied to

elliptical crack.
Semi-elliptical surface crack in a finite-width

plate in Fig. 8 was analyzed to prove the applica­

tion of virtual crack closure technique to elliptical

crack. Figure 9 shows the stress intensity factors

obtained by the energy release rate equation for

each element and equation for node. The stress

intensity factors are normalized as

(11)K
{ii(i

(JYQ
F

where Q is the shape factor of ellipse.

It can be seen from the figure that the stress

intensity factors for each element and node are

continuously distributed along the elliptical crack
front and agree well with Raju and Newman's

results (1979). In order to validate the use of non­

orthogonal mesh for elliptical crack, orthogonal

and non-orthogonal mesh were constructed as

shown in Fig lO(a) and (b). Figure 11 shows the

stress intensity factors at the nodes along elliptical

crack front obtained from two mesh types. It can

be known that non-orthogonal mesh can be used

to apply the virtual crack closure technique to

elliptical crack problem.
(10)

(a) Orthogonal mesh

1
bn'=TbJ-l

1
bn3=T(bJ-l + bJ )

Fig. 10

In order to calculate stress intensity factor

along elliptical crack front including two surface

points of elliptical arc through crack, the calcula­

tion of energy release rates at each node of

3.4 Verification

The stress intensity factors were analyzed for

symmetric elliptical arc through cracks at a

fastener hole and they were compared with
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Fig. 14 Stress intensity factors along thickness of a
through crack in mechanical joints

Fig. 12 Finite element mesh for symmetric elliptical
arc through cracks at a fastener hole

F awaz's results ( 1999) . The finite element

analyses were made using ABAQUS version 5.8

with non-orthogonal mesh proper to part­

elliptical shape as shown in Fig. 12.

The finite element result of cracked body is

much affected by the mesh near the crack tip and

the proper size of crack tip element has to be set

up. In order to determine the proper size, the

stress intensity factor analyses were made for

various sizes of crack tip element, il, referring to

the size suggested in Raju's paper (1987). The

stress intensity factors were compared with

Fawaz's results (1999) and the size of crack tip

element was determined as illa=0.05.
Figure 13(a) and (b) show the stress intensity

factors along thickness for crack depth ratio al
t = 1.13 and two crack shape ratios. It can be seen

that present analysis results agree fairly with

Fawaz's results (1999) .

The stress intensity factors for a through crack

in mechanical joints were analyzed including

contact area and were plotted along thickness

with the two-dimensional finite element results

verified in author's paper (200 I) . The common

difference between three-dimensional and two­

dimensional analyses of a through crack without

contact area is shown in Fig. 14. It can be stated

from Figs. 13, 14 that the present finite element

model and the calculation of stress intensity fac­

tors by virtual crack closure technique are verified

for an elliptical arc through crack in mechanical

joints.

t

symmetric
a fastener

Ilo.""'.lys;, 1

II0 ReferenceI

3.S r;::::=:::::::;-------------,

Fig. 13 Stress intensity factors for
elliptical arc through cracks at
hole



188 Sung Pi! Heo, Won Ho Yang and Cheol Kim

VI

0.80.60.'02

l.S L.- ~ ~_~..J

o

-<>-AC=O

-o-xc-i«
3.5 -iT AC=S%

-o-AC-IO%

~ 3

]
;;
§ 2.5

~

(a) a/ t= 1.2, a/ Cl = 1.5

fig. 15 Finite element mesh for an elliptical arc
through crack in mechanical joints

zit

O.B0.60.40.2

1.5 L.-__-'-__-'-__---''--__-'-_~..J

o

-<>-AC=O

vAC=I%

3.5 -6- AC=5%

-o-AC=lll%

(b) a/t=l.S, a/cl=O.9
Fig. 16 Mode I stress intensity factors for elliptical

arc through cracks in mechanical joints for
different clearance conditions

I stress intensity factors near tip B sharply

increase for all clearance conditions and crack
shapes. This indicates that if initial corner cracks

in mechanical joints become elliptical arc through

cracks after penetrating through the plate thick­

ness, tip B propagates more quickly than tip A

and the elliptical front shape of the elliptical arc

through crack approaches to straight line.

It can also be seen from the figures that the

mode I stress intensity factors in the cases of

clearance are much larger than those without
clearance, but the amount of clearance has little

effects on the stress intensity factors for clearance.

It can thus be known that the stress intensity

factors for elliptical arc through cracks in

mechanical joints may be underestimated if the

4. Mixed-Mode Stress Intensity
Factor

4.1 Effects of tbe amount of clearance

Three-dimensional finite element analyses were

performed for elliptical arc through cracks in

mechanical joints and mode I, mode II and mode

III stress intensity factors were determined by the

virtual crack closure technique from the finite

element results. In order to investigate the effects
of clearance, the stress intensity factors were

analyzed in the cases of no clearance and of

clearance being 1%,5% and 10% of hole diameter

In the finite element mesh of Fig. 15, rigid

elements were used to represent a bolt and total

number of 20-node isoparametric elements of the

plate model is about 14500. The contact condition

has to be specified between fastener hole and bolt,

and thus the outer surface of the bolt and the

inner surface of the hole were established as
contact surface to prevent the relative penetration.

The accuracy and convergence of contact analysis

varies according to the size of element in the

contact area and the allowable penetration is

determined in proportion to the size of element­

Fine mesh around the hole, therefore, was
constructed to satisfy Contact condition well be­

tween the hole and bolt.

Figure 16(a), (b) show the mode I stress in­

tensity factors for elliptical arc through cracks in

mechanical joints for two crack shapes. In the

figures, zlt=O represents tip A and zlt=l, tip B

as shown in Fig. 5. It can be seen that the mode
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Fig. 18 Comparison of mode I stress intensity fac­
tors for elliptical arc through cracks and
two-dimensional cracks in mechanical joints
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However, the mode Il and mode III stress inten­

sity factors in the case of no clearance are nearly

zero. It can thus be concluded that elliptical arc

through cracks in mechanical joints are

considered as pure mode I in the case of no

clearance, but even cracks normal to applied load

are mixed-mode condition m the case of

clearance.

0.2 0.4 0.6 0.8

zit

(b) Mode ill
Fig. 17 Mode II and mode III stress intensity factors

for elliptical arc through cracks in
mechanical joints for different clearance
conditions

cases of clearance are treated as an idealized

model without clearance.

Figure 17(a), (b) show the mode II and mode

III stress intensity factors for elliptical arc

through cracks in mechanical joints for a/ t= 1.5,

a/Cl =0.9. It can be seen that the effects of the

amount of clearance are almost same as mode I,

but the increase in the stress intensity factor as the

increase in clearance from 1% to 5% is relatively

larger than mode 1.
It can also be seen from the figures that the

mode II, mode III stress intensity factors in the

case of no clearance and of clearance have oppo­

site signs. This fact reveals that the relative defor­

mation of crack surface appears adversely.

4.2 Comparison with two-dimensional model

From Fawaz's experimental observations(1998,

1999), cracks in mechanical joints occur as

elliptical corner cracks and grow as elliptical arc

through cracks after penetrating through the plate

thickness. Through-cracks are generally analyzed

as two-dimensional crack model. In this study, the

analysis results for elliptical arc through crack

model were compared with those for two­

dimensional through crack model.

Mode I stress intensity factors for elliptical arc

through cracks In mechanical joints were

analyzed using the virtual crack closure technique

and were presented in Fig. 18 with the analysis

results for two-dimensional crack corresponding

to the length of tip A (cl) and length of tip B (cz).
It can be seen that there is not great differences

between two-dimensional model and elliptical arc

through crack model except near tip B. It can also

be known that two-dimensional model with the

relatively large length (tip A) IS evaluated

conservatively and cannot represent the sharp
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increase in the stress intensity factor near tip B.

5. Conclusions

(1) Three-dimensional finite element analyses

were performed for elliptical arc through cracks

in mechanical joints constructing non-orthogonal

mesh proper to part-elliptical shape. The mixed­

mode stress intensity factors were analyzed by the

virtual crack closure technique using the finite

element results.

(2) The stress intensity factors for elliptical arc

through cracks in mechanical joints sharply

increase near the surface opposite to crack initia­
tion site and the elliptical front approaches to

straight line as crack grows.

(3) Mode I stress intensity factors for elliptical

arc through cracks in mechanical joints in the

cases of clearance are larger than those of no

clearance, but the amount of clearance has little

effects on the stress intensity factors.

(4) Elliptical arc through cracks in mechanical

joints are considered as pure mode I in the case of

no clearance, but even cracks normal to applied
load are mixed-mode condition in the case of

clearance.
(5) There is not great differences between two­

dimensional through crack model and elliptical

arc through crack model, but two-dimensional

model cannot represent the sharp increase in the

stress intensity factor near the surface opposite to
crack initiation site.
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